Exemplars’

We Set the Standards!

This One’s for the Dogs

Below you see a top view of a house. The segment p represents a leash to which
a ferocious dog is attached. The owner wants to make sure the dog cannot
attack visitors.

DOG

1. Figure out how much room there is on side CD and side AF of the house to build a door.
2. What is the size of the space the dog can walk around in when attached to this leash?

3. What is the length of the outside edge the dog can walk?

4. How do your answers change if the leash is attached to point C, point D and point A?

5

. At what point of the building should the leash be attached so that the dog has the most/least
space, the longest/shortest outer edge?

6. Change the design of the building and consider all of the above questions again. Support your
answer(s) with mathematical reasons and appropriate illustrations such as drawings and/or models.
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Common Core Task Alignments

Planning Sheet

. Mathematical Practices: MP.1, MP.4, MP.6, MP.8
This One's for the Dogs

High School Content Standards: G-C5, G-MG1, F-TF 7

Context

This task is particularly well suited for classrooms with diverse populations because it allows for many
different approaches, from actually acting the problem out in real-life scale, to making a model, to
using an algebraic approach and even going as far as calculus. Many variations to the problem are
possible and a few are attached.

The main concepts addressed are area and perimeter of circles and parts of circles, circle as a locus
of equidistant points, instantaneous change and continuous change, rectangular and polar notation,
and optimization. You may want to redesign the task in order to limit the complexity depending on
your group of students, and then adding layers by revisiting the problem periodically. The use of
technology is highly recommended. All drawings were done using Geometer’s Sketchpad®.

What This Task Accomplishes

With this problem, students apply knowledge of area and perimeter/circumference to a

situation that can be varied in multiple ways with varying levels of complexity. This allows for
many different approaches by students to expose deep and complex mathematical content and
reasoning. The student should be able to generalize a given situation using correct mathematical
language appropriate for her/his level of development.

Time Required for Task

30 - 40 minutes for launching the problem and setting the context.
2 - 3 hours for the actual work.
30 - 40 minutes for summarizing the work.

It is possible to spend a full week when using some work time at home.

Interdisciplinary Links

There are nice opportunities here to link this work with considerations for architectural and
landscape designing.
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Teaching Tips

Remember that there are no numbers in the original task. These are chosen by the teacher or the
students if appropriate. An alternative formulation of the task might look like: Where can you put a
bowl of water so that the dog can drink?

In trying to answer some of the questions related to this task, students may do one or more of the
following:

® Act out the problem in the classroom or the school building and measure area and perimeter by
counting tiles (possibly) and estimating the perimeter in a similar manner.

* Make a scale model using graph paper on corrugated cardboard, and pushpins on the corners,
one pushpin and string for the leash, and using estimation techniques (See attached figures).

* Make sketches of possible situations, maybe using graph paper, and apply formulas for area and
perimeter of circles and wedges.

* Use integral calculus for determining area between curved paths, and length of a path.
* Generalize possible situations for this problem.

Depending on the background of your students, you may need to do some scaffolding. For an
example of how to do this, see the “Possible Solutions” section.

Suggested Materials

® Ruler and Compass

* Graph paper

¢ Cardboard

® Pushpins

e String

* Rope

¢ Scissors

¢ Cans

® Scale

* Geometer's Sketchpad®
* Refer to the attachments on pages 13 and 14
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Possible Solutions

What follows are some ways you might scaffold this problem with your students. Below you find
two illustrations of a way to start exploring the problem on a simple rectangular “house” design.
You can expand this to shapes other than quadrilaterals, such as triangles, pentagons and
hexagons. Rectangular shapes are the “easiest” since they have 90-degree corners, and
therefore the circle segments are always one quarter of a given circle.

Figure 1 Figure 2

The rectangle is five by 10 units and has the leash attached to corner D in figure 1 and point O (the
center of side DG) in figure 2. It would be interesting to compare area and perimeter for each leash
length. In both cases, | used leash lengths of one, five, 10 and 15. The situation changes at five, 10
and 15. This is at width, length and width + length. This could be expanded as the leash gets longer.
Large printouts for classroom use are included. From this investigation, students should recognize that
when the leash is attached to a corner, the dog will have the most room for a given leash length.

| have included a general discussion of the problem in the task that may help you focus the
classroom discussion or your coaching of groups of students. Notice that each time the leash
reaches a side of the building it instantaneously becomes shorter (see figure 3). This result is a set of
quarter circles when the angles in the building are 90 degrees.

In this particular design, we can distinguish the following cases:

Figure 3

,,,,,
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R=a or R<a and R=b or R<b
As well as:
R=b+c or R<b+c

Furthermore:
ri=R-b
r2=R-(b+¢)
r3=R-a

There are four regions in this construction, which are all quarter circles with radius r3, R, r1, and
r2 respectively.

The area and perimeter can be formulated as follows:

Areaif R>a AR > (b+c¢):

%J‘t(R2 +(R- a)2 +(R -b)2 +(R-(b+ c))z)
For different scenarios, different terms will need to be eliminated or added.

Perimeterif R> aAR> (b+¢):

%n(FH(R— a)+(R-b)+(R-(b+¢)))= %n(4R—(a+ 2b+c¢))

It would be very good to verify this work against actual (estimated) measurements. For example,
rather than giving measurements, the students can measure the sides in centimeters and use a

scale factor. The task asks for experimenting with other house designs. This is where some excellent
enrichment can take place. | developed some examples with angles other than 90 degrees (See
figures 4 and 5 on next page). | used Geometer's Sketchpad® software to generate these drawings. |
created different designs by pulling segment BG to the right or left along line AB.

Figure 4 Figure 5
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Varying the angles helps students practice calculating areas of segments with a central angle other
than 90 degrees.

Of course, it is very helpful to change to radian measure here:

Area= 7R?+-L and Arclength = 27R *
2n 2n

Extensions
3-D extension to dog and leash problem.

Figure 6

In order to calculate the area in which the dog can move, we need to consider the projection P, of
the leash with length R, attached to the house at a height of H. This is done by using the
Pythagorean Theorem with the following general result:

P, = VR? - H?

This represents the projected leash length. We can now proceed as if P4 = p, is the length of the
leash on the ground. We then regard the following situation illustrated on the next page.
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p is the projected length of the leash;

u=p-w;x=~0?+k?);y=p-x
LEID = ZPDL =6 = Arctan(k/ v);
LFID=x-6

The three areas of the circle segments and triangle IED can now be found:

Total Area =%m¢2 +%[(n -0)p® +6y° +kv]

Connecting with Calculus

Next, try investigating house designs with a curve in them. Studying some polygon examples is
useful preparation. However, in the case of the circular structure, such as a silo, the length of the
leash changes continuously. You can use a tin can and a string to develop this curve on a piece of
graph paper. Using Geometer’s Sketchpad® to construct this design allows for approximation by
polygon areas. For Calculus students, using integral calculus, surprisingly simple results appear.

Figure 8

This is the case of a circular edge against which the leash shortens on a continuous basis rather than
at discrete moments.

Let R be the length of the leash and r be the length of the radius of the semi-circle.

The leash will touch the circle when the arc length equals R. At this time the radius has rotated an
angle of O radians.
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The angle 0 can be calculated as follows:

R= 2mi= r0 =0 = Eradians
21 r

Figure 9

< >

Let the length of the curve described by the shrinking radius be | and the area between the circle
and this path be A. The objective is to find an expression in R and r for these two measures.

In the figure above, the angle between the two tangents is approximately equal to the angle
between the two radii. When the angle is very small it is reasonable to assume that there is a wedge
emanating from the center of the circle belonging to R (a), where:

R(a)=R-ar
We can calculate the length Al of the arc segment and the area AA as follows:

Al =R(a:)*Aaand AA =%R2(af)'Aa

We can now determine the actual length and area by using integral calculus. We integrate over
angle (between 0 and R/r radians):

R

L=f(R—ar)d(x= Ra—lazr
o 2 r 2r 2r

3

R
17 ., R
A=§{(R—ar) da=—

| attached some printouts (Appendix A and B) from measurements done with Geometer's
Sketchpad®. Theory and practice are in concordance.

The shape that has been generated by this process is called the involute of a circle. It can be
expressed in polar notation as follows:

X=rcost+rtsint
y=rsint+rtcost

This is a fairly common shape used in the engineering of gears and cams. More information onthis
can be found in most mechanical engineering books. One source | found was Mechanism (1939) by
Keown and Faires, McGraw Hill.
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Task-Specific Assessment Notes

Novice

The student takes some measures in centimeters. Arcs are drawn by hand, lacking accuracy, and
often incorrectly. Some arcs are not extended as far as possible. The student does not seem to
understand what happens at a corner. S/he does seem to have an appropriate concept of area and
perimeter. The novice has a method for where the door could be built but does not take segment
m into account. Overall poor communication.

Apprentice

Although the student has an interesting approach regarding the arc length, what happens at the
corners does not appear to be taken into consideration. The student reasons adequately about
where to place a door and communicates clearly. S/he indicates that area was calculated using the
formula for arc length. This is an incorrect procedure.

Practitioner

The student correctly interprets the problem, particularly what happens at the corners and how this
relates to quarter circle segments. S/he uses appropriate procedures and mathematical notation,
with correct results. The practitioner communicates thinking clearly. His/her reasoning is supported
with calculations.

Expert

This student develops the whole problem in general, using appropriate notation and diagrams.
There is one misunderstanding regarding the perimeter. Although the student makes a valid
argument that the dog can cover a part of the perimeter of the house that is always twice the length
of the leash, it does not answer the question in the task.
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Appendix A

Area AGA" = 4.23 inches?

Area AA'A" = 2,84 inches? e wﬂz;:m
Area A"A™A™ = 1.72 inches? W woR "0 e

AG =5.20 inches

DA =2.60 inches

mZBDA =2.01 radians

Area A"A™A™ = (.88 inches?

Area A"A™A™ = 0.31 inches®

Arc length C2AG = 1.66 inches

sum=5.13 inches
Arc length C3A™A" = 1.34 inches ! Ea?

=2 =520inches
theoretical value (2.
Arc length GAA™A™ = 1.03 inches @bA)
Arc length cBA™A™ = 0.71 inches

Arc length BA™"A™ = 0.39 inches

Numerical approximation
of area using triangular segments
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EG =5.20 inches
DA =2.60 inches

Angle(ADE) = 2.01 radians

Appendix B

Area EA'IG =8.89 inched

sum=9.0 in2
Area A'A"J] = 2.56 inches? .
) EG®  _onqs
Area A"A™KJ =1.61 inches ?:muund TR 9.01 inched
ue
Area A"A™LK = 0.75 inches?
Nea LAlmAmnA = 0.26 inchesz
Area A™"A'A =0.03 inched
Arcl "5=1.68 inches
sum=5.13 inches
Arc | "A* =1,34 inches

EG?
~ i theoretical Vdm =5.20 inches
Arc lengthc4A™A™ =1,03 inches

Arc lengthc§A™A™ =0.71 inches
Arc lengthcSA™A™ =0.38 inches

Using quadrilateral shapes
rather than triangles
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Novice

A= o=
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Novice
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The student uses All results are inferred
unrealistic from an inaccurate or
measurements. incomplete diagram.
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Apprentice
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Practitioner
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Practitioner
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Expert

D Whew The (Lash SWinﬂ-s over T ﬁfd_zcg | e
Oumount Opover(ap [acs\n 718 P-M . Threfore , om
side || hee peom wt—haved build & dooris

r= L- (p-m)

g:m”a..rlbi 3 o When e |-£Ck$|'\ swl'rgs GVW‘}U
siehp‘e'd, Tha ourlap leash e ™ Is p-n
Thrtfoe, Tha foon oOn 5Eol.¢.§ ot we have T
build a door is .l

r=¥0”(@'n>

@ "ﬁ“&") we must Ca'hsidﬂ'm aréa Mdoﬂ
Can  move in  whan ™he [easlm dees ot Curue.

Around @ OFACY

This 'S ome q,uar+zr‘h\a. area. of 4 cirele wit
& fadius of p. Theebfore | the ara of < This

cecion 15
A = lpt)

Neﬁ)w muct comsider the s of e two
q,v«arm" Circles  Thot e overd ap leac\n Unjm e
exeate Osound the corners

Student discusses the problem in
general using clear and appropriate

symbolic representation.

exemplars.com

Page 19

© 2023, Exemplars



Exemplars’
We Set the Standards!
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